Abstract. A generalization of Karamata's theorem on the asymptotic behavior of integrals of regularly varying functions with oscillating components is obtained in the paper.
Introduction
Jován Karamata [6, 7] introduced the notion of regularly varying (RV) functions and proved a number of fundamental theorems for them. The theorem on the asymptotic behavior of integrals of RV functions is one of those results. This theorem found many applications in probability theory (see, for example, [5, 3] ). Below we generalize this theorem to a certain class of functions with a nondegenerate group of regular points; see [4] .
Let R be the set of real numbers, R + the set of positive numbers, Z the set of integers, and N the set of natural numbers.
We assume that A > 0 and let F + (A) be the set of positive and (Lebesgue) measurable functions f = (f (x), x ≥ A).
A function f ∈ F + (A) is called regularly varying (at infinity) in the Karamata sense if the limit κ f (λ) = lim x→∞ f (λx) f (x) exists and is positive and finite for all λ > 0.
We say that an RV function f is slowly varying (SV) if κ f (λ) = 1 for all λ > 0.
If f is an RV function, then there is a real number ρ such that
The number ρ is called the index of the function f . The index ρ = 0 characterizes SV functions. Any RV function f of index ρ is represented in the following form:
where is a corresponding SV function. We say that the functions ϕ and ψ are asymptotically equivalent (at infinity) in this case. There are two parts of the Karamata theorem, namely the forward and backward Karamata theorems (see [6, 7] for continuous RV functions and [3, 5, 8] for locally integrable RV functions). In this paper, we consider the case of ρ > −1.
A measurable real function ϕ(x), x ≥ A, is called locally integrable if it is (Lebesgue) integrable on every interval [a, b] ⊂ [A, ∞).

Forward theorem. Let f be a locally integrable regularly varying function of index
ρ > −1. Then (1) x A f (t) dt ∼ x→∞ xf (x) ρ + 1 .
Backward theorem. Let f be a locally integrable function belonging to
The aim of the paper is to generalize the above two theorems to the case of functions f ∈ F + (A) such that
where ρ ∈ R, = ( (x), x ≥ A) is a slowly varying function and
is a positive continuous periodic function. The class of functions introduced above is denoted by Φ.
Definitions and auxiliary results
Consider some properties of functions of the class Φ (that is, the functions represented in the form (3)). First of all, the functions of this class are positive and measurable. Thus all the factors in representation (3) are also positive and measurable functions.
The function H on the right hand side of (3) is positive, continuous, and periodic. This function is constant; that is, there exists a constant c > 0 such that H(x) = c for all x ∈ R if and only if f is a regularly varying function. In this case, H can be removed from representation (3) by adjoining this constant to the function . Otherwise, H is not a slowly varying function and one cannot neglect it in representation (3) .
In what follows we assume (if the opposite is not stated) that
Condition (4) does not restrict the class Φ, since the function f ∈ Φ can be represented as follows: 
The function is called the slowly varying (SV) component of f . Note that the function is allowed to be discontinuous. The function H is called the oscillating function or oscillating component of f . If ϕ = (ϕ(x), x ∈ R) is a continuous periodic function, then we denote by S per (ϕ) the set of periods of the function ϕ; respectively, by S pper (ϕ) we denote the set of positive periods of the function ϕ.
The number
is called the oscillating characteristic of the function ϕ. Since the function ϕ is continuous, either T (ϕ) = 0 (in which case the function ϕ is constant) or T (ϕ) > 0. In the latter case, T (ϕ) is the least positive period of the function ϕ, that is,
If H is the oscillating component of a function f , then its characteristic T (H) is also called the oscillating characteristic of the function f and is denoted by T (H f ).
The class of functions f ∈ Φ such that T (H f ) > 0 is denoted by Φ + . Note that the members of the class Φ + are not regularly varying; they are so-called functions with a nondegenerate group of regular points; see [4] .
The class Φ 0 = Φ \ Φ + contains functions f of Φ that are represented in the form (3) with functions H constant, whence, under condition (4),
Thus Φ 0 coincides with the class of RV functions.
If a function f belongs to the class Φ and is of index
Thus (5) follows from the inequality
Main results
We now state two theorems (forward and backward ones) generalizing Karamata's theorem to functions belonging to the class Φ. The proofs will be given in further sections where we use and develop some of the methods of the papers [6, 7] and [3, 5, 8] .
We start with a generalization of the forward theorem; see (1) .
Theorem 3.1 (Forward theorem). Let f ∈ Φ be a locally integrable function of index ρ > −1 whose oscillating component and characteristic are denoted by H and T (H) = T , respectively. Then there is a positive continuous periodic function D = (D(x), x ∈ R)
that depends on ρ and H and satisfies
Moreover, 1) T (DH) = T (D) = T (H) = T , where T (D) is the oscillating characteristic of the function D and T (DH) is the oscillating characteristic of the function
.
where
y H(y)dy e T (ρ+1) − 1 and {x/T } stands for the fractional part of the number x/T .
We now turn to a generalization of the backward theorem (see (2) ).
Theorem 3.2 (Backward theorem). Let f be a locally integrable function of the class F + (A). If there is a positive continuous periodic function B = (B(x), x ∈ R) with oscillating characteristic T (B) such that
(9) x A f (t) dt ∼ x→∞ xB(ln x)f (x),
then the function f belongs to the class Φ, its index ρ is > −1, and its oscillating characteristic is H = (H(x), x ∈ R).
Moreover,
1) T (BH) = T (H) = T (B), where T (H) is the oscillating characteristic of the function H and T (BH) is the oscillating characteristic of the function
and
where 
that is, equalities (7) and (8) are compatible. Similar compatibility holds for relations (10) and (11). 
Lemma on the asymptotic behavior of integrals
We start with the following result for functions of the class Φ. With minor changes, its proof follows the lines of that of the Karamata theorem for regularly varying functions (see, for example, [3, 5] . For the sake of convenience we set H l (x) = H(ln x). H (see (3) ). Then
Lemma 4.1. Let f ∈ Φ be a locally integrable function of index ρ > −1 whose SV component is denoted by and whose oscillating component is denoted by
for ε ∈ (0, 1). Since H is a positive continuous periodic function and ρ > −1, we conclude that, for all ε ∈ (0, 1) and x ≥ (A/ε),
According to the uniform convergence theorem for slowly varying functions (see, for example, [8] 
for all ε ∈ (0, 1) and x ≥ (A/ε). Choosing δ ∈ (0, ρ + 1), the Potter theorem (see, for example, [3] ) implies that there is a number x(δ) > 0 such that 
To complete the proof of the lemma we note that
according to representation (3). In view of asymptotics (16),
as x → ∞ and relation (12) follows.
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5. The first step of the proof of the forward theorem for functions belonging to the class Φ + Since Lemma 4.1 implies the forward Karamata theorem for RV functions, its generalization for the class Φ follows from that for the class Φ + . The following result is the first step of the corresponding proof; the rest of the proof of the forward theorem is given in Section 7.
Lemma 5.1. Let f ∈ Φ + be a locally integrable function of index ρ > −1 and let its oscillating component and oscillating characteristic be H and T (H) = T , respectively. Then
(17) x A f (t) dt ∼ x→∞ xD(ln x)f (x),
where (D(x), x ∈ R) is a positive continuous periodic function such that
here {x/T } stands for the fractional part of the number x/T (H). Moreover,
where T (D) is the oscillating characteristic of the function D.
Proof. Lemma 4.1 together with relation (5) and Remark 4.1 implies that
where is the SV component of the function f (see representation (3)) and
It is clear that
and [x/T ] is the integer part of the number x/T .
Since H is a periodic function with period T ,
After simple algebra we obtain
The function Θ is positive for x ≥ 0 and periodic with period T . It is straightforward to check that Θ is continuous. Denote byΘ = (Θ(x), x ∈ R) the continuous periodic extension of this function to the whole axis R.
By the assumption of Lemma 5.1, ρ > −1, and thus equality (20) implies that the limit lim x→∞ U 1 (x) is infinite and
Taking into account asymptotics (19), we prove relation (17) with
It remains to note that (D(x), x ∈ R) is a positive continuous periodic function with period T , whence inequality (18) follows.
6. The proof of the backward theorem Theorem 6.1 below allows one to complete the proof of Theorem 3.2. It also contains some complements to that theorem. In the proof of Theorem 6.1 we use Lemma 5.1.
The proof of Theorem 3.2 will be given after the proof of Theorem 6.1. Note that the rest of the proof of Theorem 3.1 uses Theorem 3.2 (see Section 7). 
According to the asymptotic formula (21),
Integrating both sides, we see that
This equality together with (24) implies the following representation:
For convenience, we rewrite this representation as follows:
For x > A + 1, put
, where
Since H is a positive continuous periodic function with period T and H(0) = 1, equality (3) holds, which implies that the function f belongs to the class Φ and is of index
Let H(x) ≡ 1. Then representation (28) implies that the positive continuous periodic function Γ is a continuously differentiable solution of the following first order linear differential equation with constant coefficients:
This equation holds if and only if Γ(x) ≡ 1, that is, T = 0. Therefore, the equality T = 0 holds if and only if f is a regularly varying function of index ρ = γ − 1. This proves statement 2) of Theorem 6.1.
In its turn, the inequality T > 0 holds if and only if the function H is not constant. In the latter case, H is a positive continuous periodic function with period T . Thus Condition (21) implies that relation (17) also holds for the positive continuous periodic function
Therefore, two positive continuous periodic functions D and D 1 are asymptotically equivalent, which happens only if these functions coincide, whence we conclude that
Taking into account (30) and (31), we get
Now consider the function ΓH = (Γ(x)H(x), x ∈ R). We derive from (28) that Γ(x)H(x) = exp 
The proof of the forward theorem
Now we are in a position to complete the proof of Theorem 3.1.
Proof. Statement 2) follows from Lemma 4.1, statement 1) follows from statement 1) of Theorem 3.2, and statement 3) follows from Lemma 5.1.
Concluding remarks
A generalization of Karamata's theorem on the asymptotic behavior of integrals for RV functions of index ρ > −1 is obtained in the paper for the case of verying upper limit of integration. A generalization is also given for functions with oscillating components. The results of the paper allow one to study Abelian and Tauberian theorems for functions with oscillating components, which are important for some problems in probability theory.
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